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In this paper, we develop a SturmLiouville type theory for the nodal sets and
Morse indices of solutions of super-linear elliptic PDEs with Dirichlet boundary
condition. It shows that there are some relationships between analytic properties
(e.g., L p-norm, vanishing order of the nodal point, and N&1 dimensional Hausdorff
measure of the nodal set) of the solutions as the functions on the domain 0 and
Morse indices of the solutions as the critical points of the functional
J(u)=|
0
[ 12 |{u|
2&F (x, u)] dx
on H 10(0).  1998 Academic Press
1. INTRODUCTION
In this paper, we develop a SturmLiouville type theory for the nodal
sets and Morse indices of solutions of super-linear elliptic PDE’s with
Dirichlet boundary condition.
The SturmLiouville theory of ODE’s describes nodal points of the
eigenfunctions of the SturmLiouville problem
& y"+q(x) y=*y, x # (0, 1),
y(0) cos :+ y$(0) sin :=0,
y(1) cos ;+ y$(1) sin ;=0,
where 0:, ;<? are fixed. It is known that there are discrete eigenvalues
*n(q, :, ;), n=1, 2, .... For each n2, the n th eigenfunction has n&1 nodal
points, which are all simple and satisfy
0<x1n(q, :, ;)<x
2
n(q, :, ;)< } } } <x
n&1
n (q, :, ;)<1.
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The set of all nodal points will be called the nodal set. The nodal set
gives a qualitative picture of the eigenfunctions as we see in Sturm
Liouville theory. The result convinces us that the nodal set is the crux
of the problem of understanding the geometric structure of the solutions in
differential equations.
Coffman [6] has generalized the SturmLiouville theory to certain
super-linear eigenvalue ODE problems, which are related to Lyusternik
Schnirelman theory and Morse theory.
Several people have tried to generalize the SturmLiouville theory to the
elliptic problem
&2un=*n un in M,
un |M=0,
where M is an N-dimensional closed Riemannian manifold or compact
Riemannian manifold with smooth boundary. Possibly the first result in
this area is the Courant nodal domain theorem [7], which states that the
number of the nodal domains of un , is less than or equal to n, where a
nodal domain is defined as a connected component of M"u&1(0). Kreith
[12] generalized the Courant nodal domain theorem to the following non-
linear elliptic problems
& :
n
i, j=1

xi \aij (x)
u
xj ++c(x, u, {u)=0, in M,
& :
n
i, j=1
aij
u
x i
cos(v, x j)+s(x) u=0, on M,
by use of a generalized Picone identity. His result is that the number of the
nodal domains of a solution u is less than or equal to the number of the
non-positive eigenvalues of the linearized equation at u. Later BahriLions
[3] and BenciFortunato [4] obtained better estimates for the super-
linear elliptic equations with Dirichlet boundary conditions, finding that
the number of the nodal domains of a solution u is less than or equal to
the Morse index, which we will define later, Their proof, based on the
variational principle, is a simpler and more elegant approach. As in the
case of ODE’s, the Morse index is related to the number of the nodal
domains. On the other hand, Courant himself found some examples where
the n th eigenfunction only has two nodal domains for some large n. This
shows that the number of nodal domains may not be a good substitute for
the number of nodal points in ODE’s when we study PDE problems. In
1988, Donnelly and Fefferman [8] bounded the Hausdorff measure of the
nodal set for the n th eigenfunction of the LaplaceBeltrami operator on an
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N-dimensional analytic Riemannian manifold in terms of the n th eigen-
value. The bound was two sides:
C1 - *n HN&1(u&1n (0))C2 - *n ,
where C1 , C2>0. It is still open whether the same is true assuming only
that metric is smooth (see Yau [21]). It is easy to see that both the
Courant nodal domain theorem and Donnelly and Fefferman’s result are
generalizations of the SturmLiouville theory in a certain sense. Donnelly
and Fefferman’s result also suggests that the N&1 dimensional Hausdorff
measure of the nodal set may be a natural substitute for the number of
nodal points in SturmLiouville theory when we deal with PDE problems.
Their work also suggests that to analyze the measure is an important step
in understanding the nodal set and the geometrical structure of the solutions.
In this paper, we consider the super-linear elliptic problem
&2u=f (x, u) in 0, (1.1)
u|0=0, (1.2)
where 0/RN is a bounded domain with smooth boundary, 2 is the
standard Laplacian operator on RN, and f is a C1(0_R) function satisfying
(H1) (Super-linearity) There exists +>0 such that
fu(x, u) u2(1++) f (x, u) u>0, if |u|>\0 .
(H2) (Subcritical growth) There exists 0<%<1 such that
2N
N&2
F (x, u)(1+%) f (x, u) u, if |u|>\0 .
where F (x, u)=u0 f (x, s) ds.
(H3) There is a constant C0 such that
|{F (x, u)|C1(F (x, u)+1),
where { is the gradient operator on RN.
(H4) f (x, 0)=0.
Remark 1.1. The conditions (H1) and (H2) imply
f (x, u) u(2++) F (x, u)&C2 ,
F (x, u)C3 |u|2++&C4 ,
F (x, u)C5( |u|2N(1+%)(N&2)+1).
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The Morse index of a solution u is defined as the dimension of the sub-
space of the eigenfunctions with negative eigenvalues of the operator
&2& fu(x, u) on H 2 & H 10(0), and is denoted by ind(u). This index is
closely related to the existence and multiplicity of solutions for certain non-
linear equations with variational structures (see [2, 13, 18, 19, and 20],
also see [5] and its references).
If f is odd, then the above super-linear problem has infinitely many
solutions with both unbounded L-norms and Morse indices(see [1, 17],
also [5] and its references). Bahri and Lions [3] show that if the non-
linearity satisfies
f (x, t) |t|&p+1 t&1  c(x)>0, uniformly on 0, as t  \,
then
ind(un)   provided &un&L  ,
where un , n=1, 2, ..., are solutions, and c # C(0 ). The converse of the
above result is obvious. Their approach is an indirect method, which is a
blow-up argument.
In Section 2, we shall obtain an estimate of the L norm of the solution
via its Morse index, provided (H1)(H3). The result shows that the L
norm of the solution is of at most polynomial growth in the Morse index,
that is
&u&C(0)C1(1+ind(u));, (1.3)
where ;=;(+, %, N)>0 and C1=C1(0, N, +, %, \0)>0 are constants. This
is global information about the solutions. Our results will be stated under
more general conditions on nonlinearity, as expected by Bahri and Lions
in their final remarks [3], and yield the stronger conclusion (1.3), which
is one of the main results of this article. Instead of using the blow-up
argument in Bahri and Lions’s work [3], our proof is direct. A brief outline
of the argument is as follows. The approach is based on local interior
estimates and careful boundary estimates, which are motivated by Bahri
and Lions’ work [3]. A variant of the Pohozaev identity is introduced
when we give the boundary estimates. One of the difficulties is that there
are two extra terms in this identity. In order to control these two extra
terms, we have to choose balls carefully near the boundary. Namely, the
centers of the balls cannot be in the domain if these balls intersect with the
boundary of 0 (see Lemma 2.2). A covering lemma (see Lemma 2.5) and
an elementary inequality show that the L p-norm of the solution is
controlled by a constant plus a lower-power term in the L p-norm of the
solution. The global estimate is then obtained. By use of this information
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and the method of DonnellyFefferman [8], the estimates of the vanishing
order of the solution are obtained provided (H1)(H4) in Section 3. Here
Donnelly and Fefferman’s Carleman-type inequality can not be applied. As
in a Lin’s local vanishing order result [14], Jerison and Kenig’s [15]
Carleman-type inequality can be used here at the price of some other
difficulties; in particular the local estimate of the vanishing order only holds
on small balls whose sizes depend on the local boundedness of solu-
tions instead of the estimates on arbitrary balls in DonnellyFefferman’s
proof [8]. We can control the size of these balls by our L estimate of
the solutions. Following from DonnellyFefferman’s iteration [8], the
global vanishing order { of the solution is then shown to be of at most
exponential growth in the Morse index of the solution, that is
{2C2(1+ind(u))#. (1.4)
Again this is a global result. As DonnellyFefferman [8] pointed out that
even for harmonic functions, locally, there are no uniform estimates for the
vanishing orders, so our results cannot be established by purely local
arguments. In the proof of the vanishing order, we also show that the
solution satisfies a doubling condition from the L estimates and Jerison
and Kenig’s [15] Carleman-type inequality, which usually implies some
local N&1 dimensional Hausdorff measure estimates of the nodal set of the
solution. Since the measure is additive, HardtSimon’s local estimates [10]
of the HN&1 measure lead to global estimates of the N&1 dimensional
Hausdorff measure of the nodal set of the solution u. Specifically,
HN&1(u&1(0))22C3(1+ind(u))
#
, (1.5)
provided (H1)(H4). We will discuss this result in Section 4.
Thus it will be shown that the Morse index is related not only to the
existence and multiplicity of the solutions, but also to the geometrical
properties of the solutions in the PDE problems.
At last, it is worth pointing out that these results show that there are
connections between some geometrical properties (e.g. L p-norm, vanishing
order of the nodal point, and N&1 dimensional Hausdorff measure of the
nodal set) of the solutions as functions on the domain 0, and Morse
indices of the solutions as critical points of the functional
J(u)=|
0
[ 12 |{u|
2&F (x, u)] dx
on H 10(0). Such relations are important when we study the geometrical
structures of the solutions of certain PDE problems from both mathematical
and physical points of view.
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2. LP ESTIMATES OF SOLUTIONS BY THEIR MORSE INDICES
In this section, we denote by C any constant which depends only on 0,
N, +, %, \0 , and by C(R) any constant which depends only on 0, N, +, %,
\0 , and R. The following are the main theorems in this section.
Theorem 2.1. If u is a solution of (1.1) and (1.2), and f satisfies (H1),
(H2), and (H3), then
|
0
| f (x, u)| p0 dvC(ind(u)+1):, (2.1)
where
p0=1+
(1+%)(N&2)
(1&%) N+2(1+%)
1+
1
1++
, (2.2)
:=\32+
3
2+++
(2++)2
3+++2
. (2.3)
Theorem 2.2. If u is a solution of (1.1) and (1.2), and f satisfies (H1),
(H2), and (H3), then
&u&C(0)C(ind(u)+1);, (2.4)
where
;
2:
p0 N(2& p0) \
2
N(2& p0)
&
1
p0+
&1
. (2.5)
Proof. We show that Theorem 2.1 implies Theorem 2.2 by setting up a
standard boot-strap iteration of the following form:
L p0(0) wr W 2, p00 (0) w
j Lq0(0) wf L p1(0) wr } } }
wj Lqi0&1(0) wf L pi0(0) wr W 2, pi00 (0) w
j C(0),
where p0 is defined in (2.2), r: L pi&1(0)  W 2, pi&10 (0) is the inverse map of
the negative Laplacian operator (&2)&1, j: W 2, pi&10 (0)  L
qi&1(0) is the
Sobolev embedding map with
1
pi&1
=
1
q i&1
+
2
N
,
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f : Lqi&1(0)  L pi (0) is the Nemytcki operator of f (x, u) with
pi=( p0&1) qi&1 ,
and i0 is the first index such that
2pi>N.
The boundedness of the Nemytcki operator is valid because we have the
following inequality from subcritical condition (H2)
| f (x, u)|C( |u|1( p0&1)+1).
So we have the iteration:
1
pi
=
1
p0&1
1
pi&1
&
2
( p0&1) N
, i=1, 2, ...,
where p0 is defined in (2.2). It is easy to calculate the closed form of the
iteration
1
pi
=\ 1p0 &
2
N(2& p0)+\
1
p0&1+
i
+
2
N(2& p0)
, i=1, 2, ... .
From the definition of i0 , it is the first index so that pi+1<0. On the other
hand, we can verify
1
p0
&
2
N(2& p0)
<0,
1
p0&1
>1.
Hence i0 is the first index so that
\ 1p0&1+
i+1
>
2
N(2& p0) \
2
N(2& p0)
&
1
p0+
&1
.
Therefore we have
\ 1p0&1+
i0

2
N(2& p0) \
2
N(2& p0)
&
1
p0+
&1
.
Furthermore, from the above iteration, we have
&u&C 0(0)C _\|0 | f (x, u)| p0 dx+
(1p0)(1( p0&1))
i0
+1& .
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Let
;=
:
p0 \
1
p0&1+
i0
.
From Theorem 2.1 and above discussion, (2.4) and (2.5) are proved. K
Before proving Theorem 2.1, we recall the usual Pohozaev identity [16].
Let
BR(x0)=[x # RN: |x&x0 |<R].
Let
(BR(x0) & 0)=SR(x0) _ TR(x0)
be the boundary of BR(x0) & 0, where
SR(x0)=[x # 0 : |x&x0 |=R],
and
TR(x0)=BR(x0)"SR(x0).
Define a local vector field
n=x&x0 , on BR(x0) & 0.
Then we have the following modified Pohozaev identity.
Lemma 2.1. For x0 # RN,
|
SR(x0) {
1
2
R |{u|2&
1
R
(n } {u)2&RF (x, u)= d_
+
1
2 |TR(x0) v } n |{u|
2 d_&|
TR(x0)
(n } {u)(v } {u) d_
=|
BR(x0) & 0 {
N&2
2
|{u|2&n } {F (x, u)&NF (x, u)= dv,
where v is the unit normal vector of 0.
Proof. Let
P(x)=(n } {u) {u
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be a local vector field on BR(x0) & 0. We have
div P(x)=(n } {u) 2u+
2&N
2
|{u|2+
1
2
div(n |{u|2),
and
div(nF (x, u))=NF (x, u)+n } {(F (x, u)).
Hence from integration by parts, we have
|
BR(x0) & 0
div P(x) dv
=|
BR(x0) & 0 _
2&N
2
|{u|2&(n } {u) f (x, u)& dv
+
1
2
R |
SR(x0)
|{u|2 d_+
1
2 |TR(x0) v } n |{u|
2 d_
=|
BR(x0) & 0 _
2&N
2
|{u|2&n } {(F (x, u))+n } {F (x, u)& dv
+
1
2
R |
SR(x0)
|{u|2 d_+
1
2 |TR(x0) v } n |{u|
2 d_
=|
BR(x0) & 0 _
2&N
2
|{u|2+n } {F (x, u)+NF (x, u)& dv
&R2 |
SR(x0)
F (x, u) d_&
1
2 |TR(x0) v } nF (x, u) d_
+
1
2
R |
SR(x0)
|{u|2 d_+
1
2 |TR(x0) v } n |{u|
2 d_
=|
BR(x0) & 0 _
2&N
2
|{u|2+n } {F (x, u)+NF (x, u)& dv
&R2 |
SR(x0)
F (x, u) d_+
1
2
R |
SR(x0)
|{u|2 d_
+
1
2 |TR(x0) v } n |{u|
2 d_.
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In the last equality, we apply the Dirichlet boundary condition, which
implies F (x, u(x))=0 on TR(x0). On the other hand, exploiting integration
by parts again, we have
|
BR(x0) & 0
div P(x) dv=|
SR(x0)
n
|n|
} [(n } {u) {u] d_+|
TR(x0)
(n } {u)(v } {u) d_
=
1
R |SR(x0) (n } {u)
2 d_+|
TR(x0)
(n } {u)(v } {u) d_.
Combining above two results, we get the claimed Pohozaev identity. K
The following lemma is crucial when we apply this Pohozaev identity.
Lemma 2.2. There exists R1=R1(0)>0 such that if 0<R<R1 and
x0 # {x # RN"0: dist(x, 0)= R20= ,
then
1
2 |
TR(x0)
v } n |{u| 2 d_&|
TR(x0)
(n } {u)(v } {u) d_0,
where 0<RR1 .
Proof. We claim that there exists R1=R1(0)>0, such that, if
0<RR1 and
x0 # {x # RN"0: dist(x, 0)= R20= ,
then
v } n( y)0, for y # TR(x0).
Otherwise, for
Rn=min {1n ,
=
10=
there is
xn # {x # RN"0: dist(x, 0)=Rn20=
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and there is yn # TRn(xn) such that
v } n( yn)>0.
Let wn # TRn(xn) such that
dist(xn , wn)=
Rn
20
.
Without loss of generality, we assume that xn and wn have the coordinates
(0, 0, ..., 0) and
\Rn20 , 0, ..., 0+ ,
respectively. Let
z=
x
Rn
be the rescaling coordinates at xn and
zn=
wn
Rn
=\ 120 , 0, ..., 0+ .
We can thus assume that there is x0 # 0 such that
lim
n  
xn=x0 .
On the other hand, we have subsequence convergence
z(TRnk(x0))  B1(x0) & [z1=
1
20].
Because of the compactness of the 0 , we have a unit vector
n0 # B1(x0) & [z1= 120]
and subsequence convergence
z
* \ n|n| ( ynk)+ n0 ,
where z=(z1 , ..., zN). Therefore we have
v } n0<0,
233NODAL SETS AND MORSE INDICES
which contradicts
v } n( yn)>0.
Again without loss of generality, we assume
{u(x){0, for x # TR(x0).
Then
v(x)=
{u(x)
|{u(x)|
,
where =\1 is chosen so that v is the outer unit normal vector of 0.
Therefore
1
2 |
TR(x0)
v } n |{u|2 d_&|
TR(x0)
(n } {u)(v } {u) d_=&12|
TR(x0)
v } n |{u|2 d_
0. K
Next, we want to apply the variational principle to get L ploc estimates of
the solutions, which are related to the Morse indices of the solutions. Let
m=ind(u)+1. Choose C2 functions
‘i=1 on [2(i+m&1)|x|2(i+m)&1],
supp ‘i /[2(i+m)& 52|x|2(i+m)&
1
2],
&‘i &C1C, for i=1, ..., m.
Define
‘Ri, m(x)=‘i \4m(x&x0)R + , x # BR(x0), for i=0, 1, ..., m.
Then
supp ‘Ri, m //BR(x0), for i=0, 1, ..., m.
Lemma 2.3. There are R # (R2, R) and 1i0m such that
|
SR (x0)
( |{u|2+ f (x, u) u) dvC(R) \m+m3 |((R4m) Ai0+x0) & 0 u
2 dv+ ,
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where
Ai0=[2(i0+m)&
5
2<|x|<2(i0+m&1)]
_ [2(i0+m)&1<|x|<2(i0+m)& 12] .
Proof. It is easy to see that [u‘Ri, m]
m
i=1 are mutually orthogonal in L
2
and for the quadratic form associated to &2& fu(x, u). Hence there is
i0=i(R, x0) such that
|
0
|{(u‘Ri0, m)|
2 dv&|
0
fu(x, u) |u‘Ri0, m |
2 dv0.
After simplification, the above inequality has the following form
|
0
[ |{u|2 (‘Ri0, m)
2& fu(x, u) |u‘Ri0, m |
2] dv|
0
u2‘Ri0, m 2‘
R
i0, m
dv.
Multiplying (1.1) by u(‘Ri0, m)
2 then integrating by parts, it turns out that
|
0
|{u|2 (‘Ri0, m)
2 dv
|
0
[ f (x, u) u(‘Ri0, m)
2+u2( |{‘Ri0, m |
2+‘Ri0, m |2‘
R
i0, m
| )] dv
Combining the above two inequalities, we have
|
0
( fu(x, u) u2& f (x, u) u)(‘Ri0, m)
2 dv
|
0
u2( |{‘Ri0, m |
2+2‘Ri0, m |2‘
R
i0, m
| ) dv.
Combining the latest two inequalities and (H1), we have
|
0
( |{u|2+ f (x, u) u)(‘Ri0, m)
2 dv
C |
0
[(‘Ri0, m)
2+u2( |{‘Ri0, m |
2+2‘Ri0, m |2‘
R
i0, m
| )] dv.
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Therefore
|
((R4m) Di0+x0) & 0
( |{u|2+ f (x, u) u) dv
C \vol(BR(x0))+\4mR +
2
|
((R4m) Ai0+x0) & 0
u2 dv+ ,
where
Di0=[2(i0+m&1)|x|2(i0+m)&1].
Now it is easy to get the result by use of the mean-value theorem for
integrals. K
Lemma 2.4. There is a R2=R2(N, %, 0)>0. For any x0 # RN, if
BR(x0)/0 or
x0 # {x # RN"0: dist(x, 0)= R20= ,
then
|
BR2(x0) & 0
| f (x, u) u| dv
C(R) m(32)+(3(2++))
__1+\|BR(x0) & 0 | f (x, u) u| dv+
(2(2++))((12)+(1(2++)))
& . (2.7)
where 0<RR2 .
Proof. Multiplying (1.1) by u and then integrating by parts on BR(x0),
it turns out that
|
BR(x0) & 0
|{u|2 d_=|
BR(x0) & 0
f (x, u) u dv&|
SR(x0)
u
n
|n|
} {u d_.
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From the Pohozaev identity,
|
SR(x0)
1
2
R |{u|2 d_+|
BR(x0) & 0 {NF (x, u)&
N&2
2
f (x, u) u= dv
+
1
2 |TR(x0) v } n |{u|
2 d_&|
TR(x0)
(n } {u)(v } {u) d_
=|
SR(x0) {
1
R
(n } {u)2+RF (x, u)&
N&2
2
u
n
|n|
} {u= d_
&|
BR(x0) & 0
n } {F (x, u) dv.
By (H2), (H3), and Lemma 2.2, we know there is a R2=R2(N, %, 0)>0
such that if 0<RR2 , then
|
BR(x0) & 0
f (x, u) u dvC _vol(BR(x0))+area(SR(x0))
+|
SR(x0)
( |{u| |u|+R |{u|2+RF (x, u)) d_& . (2.8)
From (2.6) and the Ho lder inequality, we have
|
SR (x0)
( |{u|2+ f (x, u) u) dv
C(R) _m+m3 \|((R(4m)) Ai0+x0) & 0 |u|
2++ dv+
2(2++)
& .
The above result implies
|
SR (x0)
|{u| |u| d_
C \|SR (x0) |{u|
2 d_+
12
\|SR (x0) |u|
2++ d_+
1(2++)
R(N&1) +(2(2++))
C(R) \|SR (x0) |{u|
2 d_+
12
\1+|SR (x0) f (x, u) u d_+
1(2++)
C(R) _m+m3 \|((R(4m)) Ai0+x0) & 0 |u|
2++ dv+
2(2++)
&
(12)+(2(2++))
C(R) m(32)+(3(2++))
__1+\|((R(4m)) Ai0+x0) & 0 f (x, u) u dv+
2(2++)
&
(12)+(1(2++))
.
237NODAL SETS AND MORSE INDICES
Combining this inequality with (2.6), (2.8), and R R2, we have
|
BR2(x0) & 0
f (x, u) u dv
C(R) m(32)+(3(2++)) _1+\|BR(x0) & 0 f (x, u) u dv+
(2(2++))((12)+(2(2++)))
& .
On the other hand, we know
|
BR2(x0) & 0
| f (x, u) d | dvC+|
BR2(x0) & 0
f (x, u) u dv.
Therefore the lemma is proven. K
Based on these local estimates, we can now proceed to the global
estimates now. From Lemma 2.4 and its proof, we know that if we want to
cover the domain 0 by balls on which the estimates in Lemma 2.4 hold, we
have to choose the ball either with its center in the complement of the
domain 0 or else the whole ball should lie in the domain 0 such that the
intersection of the boundary of the ball and the boundary of the domain
has at most zero H N&1 measure. In the following lemma, we prove that
there are such families of covering balls.
Lemma 2.5. For fixed R>0, there is [xi]k1+k2i=1 /R
N such that
[xi]k1i=1 /[x # 0: dist(x, 0)
2
5R], (2.9)
BR5(xi) & BR5(x j)=<, i{ j, i, j=1, 2, ..., k1 , (2.10)
[x # 0 : dist(x, 0) 25R]/ .
k1
i=1
B2R5(xi), (2.11)
[xi]k2p=k1+1 /{x # RN "0: dist(x, 0)= R20= , (2.12)
BR40(xp) & BR40(xq)=<, p{q, p, q=k1+1, k1+2, ..., k2 , (2.13)
[x # 0: dist(x, 0) 25R]/ .
k2
p=k1+1
BR2(xp), (2.14)
k1+k2C(0) R&N, (2.15)
No point of 0 belongs to more than C(N) of these balls in [BR(xi)]k1+k2i=1 ,
(2.16)
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where C(N) is the ( finite) number of maximum possible number of noninter-
secting unit open balls which are contained in B40(0).
Proof. Define
G(R)=[[ y1 , ..., ym]
/[x # 0: dist(x, 0) 25R : BR5( yi) & BR5( yj)=<, i{ j ]],
and an order on G(R) as follows: For A, B # G(R), we say that A<B if and
only if B/A. The number of the elements in A # G(R) is at most
vol(BR0)
vol(BR5)
=\5R0R +
N
,
where R0 is the diameter of the domain 0 in RN. Hence there is at least
one maximal element
[xi]kii=1 /[x # 0: dist(x, 0)2R].
It is easy to show that
{x # 0: dist(x, 0)25 R=/ .
k1
i=1
B2R5(xi).
Define
H(R)={[ y1 , ..., ym]/{x # RN "0: dist(x, 0)= R20=:
BR40( y i) & BR40( yj)=<, i{ j= ,
and an order on H(R) as follows: For A, B # H(R), we say that A<B if
and only if B/A. The number of the elements in A # H(R) is at most
vol(B2R0)
vol(BR40)
=\80R0R +
N
.
Hence there is at least one maximal element
[xi]k1+k2i=k1+1 /{x # RN "0: dist(x, 0)= R20= .
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It is easy to show that
[x # 0: dist(x, 0) 25R]/ .
k1+k2
i=k1
BR2(x i).
Finally for any index set 4/[1, 2, ..., k1+k2], and for any point
x # ,
: # 4
BR(x:),
we have x: # BR(x), for all : # 4. From the definition, [BR40(x:)]: # 4
are not intersecting mutually. So the number of elements in 4 is less than
maximum possible number of nonintersecting balls [BR40(x:)]: # 4 in
B2R(x). After rescaling, we can see this number only depends on dimension N.
K
Lemma 2.6. There is a C=C(N, %, 0)>0 such that
|
0
| f (x, u) u| dvCm((32)+(3(2++)))(2++)2(3+++2).
Proof. Since 0 is compact, there is R3>0, such that, if 0<R<R3 and
BR(x0)/0, then BR(x) is tangent to 0 at most at one point, and
B (x) & 0 only contains at most one point.
Let
R0= 12 min[R1 , R2 , R3].
So from Lemma 2.5, there are [xi]k1+k2i=1 satisfying (2.9)(2.16) in
Lemma 2.5. From Lemma 2.4, we have
|
0
| f (x, u) u| dv :
k1
i=1
|
B2R0 5(xi) & 0
| f (x, u) u| dv
+ :
k2
i=k1+1
|
BR0 2(xi) & 0
| f (x, u) u| dv
C :
k1
i=1
m(32)+(3(2++))
__1+\|B4R0 5(xi) & 0 | f (x, u) u| dv+
(1(2++))(1+(1(2++)))
&
+C :
k2
i=k1+1
m(32)+(3(2++))
__1+\|BR0(xi) & 0 | f (x, u) u| dv+
(1(2++))(1+(2(2++)))
&
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Again from Lemma 2.5, the number of such balls is at most
C(0, N, %)=(80N+5N) \R0R0 + ,
and for each point in 0 there are at most C(N) balls which cover it. On
the other hand, we have the following elementary inequality: if 0<b<1,
then for any nonnegative number set [ai]ki=1 , we have
\ :
k
i=1
ai+
b
k1&b :
k
i=1
abi .
Hence
|
0
| f (x, u) u| dv
Cm(32)+(3(2++)) _1+\|0 | f (x, u) u| dv+
(1(2++))(1+(2(2++)))
& ,
since
1
2++ \1+
2
2+++<1. K
Now we finish the proof of Theorem 2.1 by the following inequality
| f (x, u)| p0| f (x, u) u|+C,
which follows from (H2).
3. THE VANISHING ORDERS OF THE SOLUTIONS
This section is concerned with the vanishing order of nontrivial solutions,
which do not vanish identically. Recall that the vanishing order {={(u, x0)
>0 of a nodal point x0 of a solution u is defined as follows: for any =>0,
lim sup
x  x0
|u(x)| |x&x0 | &{+==0,
lim sup
x  x0
|u(x)| |x&x0 | &{&==+.
The main results of this section are:
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Theorem 3.1. If u is a non zero solution of (1.1) with Morse index
ind(u) and f satisfies (H1), (H2), (H3), and (H4), then there exists
B1=B1(0, N, +, %, \0)>0, such that for any nodal point x0 # 0,
{(u, x0)2B1(1+ind(u))
#
,
where
#=; \ N(1+%)(N&2)&1+ .
As a byproduct, we also prove the following result
Theorem 3.2. If u is a non zero solution of the Schro dinger equation
&2u=V(x) u in 0,
(3.1)
u|0=0,
where V # L(0), then there exist B2=B2(0, N)>0 and B3=B3(0, N)>0
such that for any nodal point x0 # 0, its vanishing order is at most
B22B3 - &V&L
(0).
In 1985, Jerison and Kenig proved the following Carleman estimate [15].
Lemma 3.1. Let N3, (1p)&(1p$)=2N, (1p)+(1p$)=1, t  N,
k=dist(t, N). Then there exists C(k, N)>0 such that for all f #
C0 (R
N"[0]),
& |x|&t f &L p$(RN, dx|x|N)C(k, N) & |x|&t+2 2f &L p(RN, dx|x|N) .
From standard elliptic estimates (e.g., [11]), we have the following two
lemmas.
Lemma 3.2. Let u be a solution of
2u+Vu=0, in B1(0),
where &V&L(B1(0))1. Then
|{u(0)| pC |
B1(0)
|u( y)| p dy,
for any p>1.
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Lemma 3.3. Let u be a solution of
2u+Vu=0, in B1(0),
where &V&L(B1(0))1. Then
&u& pL(B&(0))C(&) |B1(0) |u|
p dy,
where 0<&<1 and p>1.
The following two lemmas are known. We give the proofs for completeness.
Lemma 3.4. Let u be a solution of
2u+Vu=0, inBr1+r2(x0).
If r22 &V&L(Br1+r2(x0))1, then
|
Br1(x0)
|{u(x)| p dx
C
r p2 |Br1+r2(x0)
|u( y)| p dy,
where p>1.
Proof. Rescaling to a small ball from Lemma 3.2, and letting u be a
solution of
2u+Vu=0, in Br2(x)
with r22 &V&L(Br2(x))1, we obtain
|{u(x)| p
C
rN+ p2 |Br2(x)
|u( y)| p dy.
Hence
|
Br1(x0)
|{u(x)| p dx
C
rN+ p2 |Br1(x0)
dx |
Br2(x)
|u( y)| p dy
=
C
rN+ p2 |Br1+r2(x0)
dy |
Br1(x0) & Br2(x)
|u( y)| p dx

C
r p2 |Br1+r2(x0)
|u( y)| p dy. K
The following lemma is clear after rescaling the result of Lemma 3.3.
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Lemma 3.5. Let u be a solution of
2u+Vu=0, in Br(x0).
Then
&u& pL(B&r(0))
C(&)
vol(Br(0)) |Br(0) |u|
p dy,
where 0<&<1.
The proof of the theorems will consist of a long sequence of inequalities
organized into lemmas and propositions. In these lemmas and propositions,
we only consider the Schro dinger equation (3.1). Choose
R2= 12 |
&2N
N (C(
1
2 , N)(1+&V&L(0)))
&1. (3.2)
Let ’ # C 0 (BR(x0)) be such that
’(x)={
0, if |x|$ \1& 110*+ or |x|
2
3
R,
1, if $<|x|<
1
2
R;
otherwise 0’1, and it satisfies
|2’|+|{’|2C1R&2, for 12R|x|
2
3R,
|2’|+|{’|2C2*2$&2, for $ \1& 110*+|x|$,
where 0<$(110) R, * # 12+N and *4 will be chosen later. Applying
the Carleman type inequality with f (x)=’(x&x0) u(x), we have
& |x|&* ’u&Lq(RN, dx|x|N)
C3 $&*[*2 &u&L p(x0, (1&(1(10*))) $, $, dx|x|N)
+*$ &{u&L p(x0, (1&(1(10*))) $, $, dx|x|N)]
+C4 \ 2R+
*&2
[R&2 &u&L p(x0, (12) R, (23) R, dx|x|N)
+R&1 &{u&L p(x0, (12) R, (23) R, dx|x|N)]
+C \12 , N+ & |x|&*+2 ’u&Lq(RN, dx|x|N) &V&LN2(BR(x0)) . (3.3)
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By Lemma 3.4 taking
r1=
$
20*
,
r2=
$
10*(1+- &V&L(0) )
.
and
r1=
R
12
,
r2=
R
12*(1+- &V&L(0) )
,
we can get
&{u&L p(x0, (1&(1(10*))) $, $, dx|x|N)
C5 $&1*(1+- &V&L(0) ) &u&L p(x0, (1&(1(5*))) $, (1+(1(5*))) $, dx|x|N) ,
(3.4)
&{u&L p(x0, (12) R, (23) R, dx|x|N)
C6R&1(1+- &V&L(0) ) &u&L p(x0, (14) R, (34) R, dx|x|N) .
So from (3.2), (3.3), and (3.4), we have
& |x|&* u&Lq($, (12) R, dx|u|N)
C7 $&**2(1+- &V&L(0) ) &u&L p(x0, (1&(1(5*))) $, (1+(1(5*))) $, dx|x|N)
+C8 \ 2R+
*
(1+- &V&L(0) ) &u&L p(x0, (14) R, (34) R, dx|x|N) .
It is easy to obtain the following result from the above discussion.
Lemma 3.6. If * # 12+N and
C8 ( 23)
* (1+- &V&L(0) ) &u&L p(x0, (14) R, (34) R, dx|x|N)
 12 &u&Lq(x0, (18) R, (14) R, dx|x|N) ,
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then we have
& |x|&* u&Lq(x0, $, (12) R, dx|x|N)
C9 $&**2(1+- &V&L(0) ) &u&L p(x0, $(1&(1(5*))) R, (1+(1(5*))) $R, dx|x|N) ,
C10 *&2 \2$R +
*
&u&L p(x0, (14) R, (34) R, dx|x|N)
(1+- &V&L(0) ) &u&L p(x0, $(1&(1(5*))) R, (1+(1(5*))) $R, dx|x|N) .
Applying Lemma 3.5, we have
&u&L(x0, (110) R, (15) R) C11 &u&Lq(x0, (18) R, (14) R, dx|x|N) ,
&u&L(x0, (716) R, (1116) R)C12 &u&L p(x0, (14) R, (34) R, dx|x|N) , (3.5)
&u&L(x0, (32) $, (92) $)C13$
* & |x| &* u&Lq(x0, $, 5$, dx|x|N) .
On the other hand, we have the following inequalities
&u&L p(x0, (14) R, (34) R, dx|x|N)
C14 &u&L(x0, (14) R, (34) R) , (3.6)
&u&L p(x0, (1&(1(5*))) $, (1+(1(5*))) $, dx|x|N)
C15*&Np &u&L(x0, (1&(1(5*))) $, (1+(1(5*))) $, dx|x|N) .
From Lemma 3.5 with (3.5) and (3.6), the following L version of
Lemma 3.5 is obtained.
Lemma 3.7. There exist C16>0, C17>0, C18>0, such that if * # 12+N
and
( 23)
* &u&L(x0, (14) R, (34) R)C16(1+- &V&L(0) ) &u&L(x0, (110) R, (15) R) ,
then we have
&u&L(x0, (32) $, (92) $)
C17(1+- &V&L(0) ) &u&L(x0, (1&(15*)) $, (1+(15*)) $) ,
\2$R +
*
&u&L(x0, (716) R, (1116) R)
C18(1+- &V&L(0) ) &u&L(x0 , (1&(1(5*))) $, (1+(1(5*))) $) ,
Using above lemma, one can deduce
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Proposition 3.1. There exist C19>0, C20>0, C21>0, and C22>0 such
that if * # 12+N and
*C19 ln
&u&L(x0, (14) R, (34) R)
&u&L(x0, (110) R, (15) R)
+C19 ln(1+- &V&L(0) )+C20 ,
then we have
&u&L(x0, 0, (92) $)
C21 exp(C &119 *) &u&L(x0, 0, 2$) ,
(3.8)
\2$R +
*
&u&L(x0, (716) R, (1116) R)
C22 exp(C &119 *) &u&L(x0, (1&(1(5*))) $, (1+(1(5*))) $) .
The above proposition is a local version of the vanishing order theorem.
It is very hard to check or intuitively understand the condition (3.7) in the
proposition. Hence the remaining part of this section is concerned with
analyzing and controlling the inequality (3.7), especially the first term on
the right side. This will result in a global estimate.
Lemma 3.8. There exists C23>0 such that if
*C19 ln
&u&L(x0, 0, R)
&u&L(x0, 0, (15) R)
+C19 ln(1+- &V&L(0) )+C20 , (3.9)
holds, then we have
&u&L(x0, 0, (110) R)C23 exp(&C
&1
19 *) &u&L(x0, 0, (15) R) .
Proof. If
&u&L(x0, 0, (110) R)=&u&L(x0, 0, (15) R) ,
then the lemma is immediate. Otherwise, (3.9) implies (3.7). So the lemma
is a corollary of Proposition 3.1. K
Lemma 3.9. If there exist D0>0, D1>0 and D2>0 such that
&u&L(x0, 0, (15) R)exp(&D0 |ln(&u&L(0))|&D1 ln(1+&V&L(0))&D2),
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and
D3=C19(1+D0),
D4=C19(1+D1),
D5=C19D2+C20 ,
then
*D3 |ln(&u&L(0))|+D4 ln(1+&V&L(0))+D5
implies (3.9). Hence under this condition, we have
&u&L(x0, 0, (110) R)exp(&D6 |ln(&u&L(0))|&D7 ln(1+&V&L(0))&D8),
where
D6=1+2D0 ,
D7=1+2D1 ,
D8=
C20
C19
+2D2 .
Proof. In fact, we have the following inequality
C19 ln
&u&L(x0, 0, R)
&u&L(x0, 0, (15) R)
+C19 ln(1+&V&L(0))+C20
(C19+C19D0) |ln(&u&L(0))|
+(C19D1+C19) ln(1+&V&L(0))+C20+C19 D2 .
Therefore the result is a corollary of Lemma 3.8. K
Proposition 3.2. There exist D9>0, D10>0 and D11>0 such that for
any x # 0, we have
&u&L(x, 0, (15) R)exp(&2D9 - &V&L(0) |ln(&u&L(0))|
&2D9 - &V&L(0) ln(1+&V&L(0))&D112D10 - &V&L
(0)).
Proof. Let x0 # 0 satisfy |u(x0)|=&u&L(0) . Since the domain is
compact and smooth, there exist finitely many points x1 , ..., xk=x such
that xi+1 # B(110) R(xi), where kdiam(0)R. Assume by induction that
&u&L(xi, 0, (15) R)exp(&E
i
1 |ln(&u&L(0))|&E
i
2 ln(1+&V&L(0))&E
i
3),
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where E 01=1, E
0
2=1, and E
0
3=1, and
E i+11 =1+2E
i
1 ,
E i+12 =1+2E
i
2 ,
E i+13 =
C20
C19
+2E i3 .
Therefore for any x # 0, we have
&u&L(x, 0, (15) R)exp \&(2k+k) |ln(&u&L(0))|
&(2k+k) ln(1+&V&L(0))&\C20C19 k+2k++ ,
since B(110) R(xi)/B(15) R(x i+1). This completes the induction. K
Remark 3.1. The same argument is true for (15) R replacing by
(110) R. Therefore there exist D15>0, D16>0, D17>0, D18>0, D19>0,
and D20>0 such that
*D15 2D16 - &V&L
(0) ln(&u&L(0))+D192D20 - &V&L
(0)
+D17 2D18 - &V&L
(0) ln(1+- &V&L(0) ) (3.10)
implies that (3.7) holds.
Proof of Theorem 3.1. Let
V=
f (x, u)
u
.
From (H4), and Theorem 2.2, we have
- &V&L(0) D21(1+ind(u))#.
From the above remark and Proposition 3.1, we prove the theorem. K
Proof of Theorem 3.2. Since in this case the Schro dinger equation (3.1)
is linear, we can choose u such that &u&L(0)=1 without affecting the nodal
set. From the above remark and Proposition 3.1, we prove the theorem. K
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4. THE N&1 DIMENSIONAL HAUSDORFF MEASURES
OF THE NODAL SETS
In this section, we give the estimates of the N&1 dimensional Hausdorff
measures of the nodal sets, which are stated in the following theorem.
Theorem 4.1. If u is a non zero solution of (1.1) with Morse index
ind(u) and f satisfies (H1), (H2), (H3), and (H4), then there exists
B1=B1(0, N, +, %, \0)>1 such that
HN&1(u&1(0))22B1(1+ind(u))
#
.
We begin with a doubling condition:
Lemma 4.1. There exists C1>0, C2>0, and C3>0 such that for any
x0 # 0 and for any
0<$$0=C1(1+ind(u))&#,
&u&L2(x0, 0, 2$)2
C2 2
C3(1+ind(u))# &u&L2(x0, 0, $) .
Proof. From Proposition 3.1, there exist C4>0, C5>0, and C6>0
such that for any x0 # 0 for any
0<$C4(&V&L(0))&12,
we have
&u&L(x0, 0, (92) $)C5 exp(2
C6(1+ind(u))
#
) &u&L(x0, 0, 2$) ,
where
V=
f (x, u)
u
.
From Lemma 3.5, we obtain the lemma. K
Doubling conditions like Lemma 4.1 usually imply the local N&1
Hausdorff measure estimates of nodal sets. Let us recall one result of this
sort, which belongs to Hardt and Simon (see Theorem 1.7 in [10]). The
following is a special case of their result.
Lemma 4.2. Let 0{u # L2(B1) be a solution of Schro dinger equation
&2u+Vu=0, in 0. (4.1)
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There exist constant C8=C8(N)>0 and =0==0(N) # (0, 12] such that if
x0 # u&1(0), R0 is small enough to satisfy B2R0(x0)/0, and
|
BR0(x0)
u2(x) dx2D |
BR0 2(x0)
u2(x) dx,
R0 - &V&L2(0) \ =0D2N+3+
3D
,
then
HN&1(BR(x0) & u&1(0))C8DRN&1, for any 0<R
=0 R0
D2N+3
.
It is worth pointing out that the above lemma is still valid if x0 # 0,
provided u|0=0. In fact, we consider the closed double 0 of 0, which
is defined by the disjoint union of two congruent domain 0’s with iden-
tified boundaries, as in DonnellyFefferman [9]. 0 is a closed Lipschitz
Riemannian manifold. Then both Eq. (4.1) and solutions can be extended
to 0 . The coefficient functions of 20 are Lipschitz continuous and the
solutions are C1+:, so they all satisfy the condition of the lemma (see
Theorem 1.7 in [10] for details). On the other hand, x0 now is an interior
point of 0 .
Now we want to prove the theorem by combining the local information
in Lemma 4.1 and the global information in Theorem 3.1.
Proof of Theorem 4.1. From the condition and Theorem 3.1, we know
that there exists C9>0 such that
" f (x, u)u "L(0) C9(1+ind(u))&#.
Choose
R1=min {C9 \ =0D2N+3+
3D
, C4= (1+ind(u))#,
R2=
=0 R1
D2N+3
,
D=C22C3(1+ind(u))
#
.
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We cover 0 by balls [BR1(xi)]
k
i=1 , which satisfies the following conditions
BR2 2(xi) & BR2 2(xj)=<, if i{ j,
0 / .
k
i=1
BR2(xi),
either BR2(xi) & 0=< or xi # 0.
On each ball BR1(xi), we have
&2uxi , R1=R
2
1 f (xi+R1x, uxi , R1),
where
uxi , R1(x)=u(x i+R1x).
Then we have
HN&1(BR2(x0) & u
&1(0))C8DRN&12 .
Since we are talking about the asymptotic behavior of the ind(u) and
HN&1(u&1(0)), and both of them are finite for each solution u, we can
assume ind(u) is large enough such that
R1=C9 \ =0D2N+3+
3D
(1+ind(u))&#.
On the other hand, from the choice of the balls, we have
k2N
vol(0)
|NRN2
.
Therefore
HN&1(u&1(0))2N
vol(0)
|NRN2
C8DRN&12

2Nvol(0) C8
|N=0C9 \
(C2 2C3(1+ind(u))
#
)2N+3
=0 +
3C22
C3(1+ind(u))
#
_(1+ind(u))# (C22C3(1+ind(u))
#
)2N+4. K
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